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HLbL

Euclidean coordinate-space approach to a;,

10 ibadasa

Quark chk contraction topologies

HLbL me® 4 4 e
ay =73 /d Y [/d T Lipo]uor (T, Y) ’LHP?NV)\U('T’y)]'

QED QCD

=2n2]y|3dy|
iMlneles) = = [ d' 2 (5,(0)3.10) 32 () 150)).

> [f[p,v];uu)\(:v,y) computed in the continuum & infinite-volume

> no finite-volume effects from the photons & affordable way (1d integral) to
sample the integrand for the fully connected contribution.
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HLbL Master Formula

master formula

meﬁ o
ay = FZ(O) = T //[’[p,o'];m/)\(xvY)’I_IP;MV)\U(va)
y Jx

four-point function

Mmoo, ) = = / 20 (i (9o ()12 (0))

z

kernel function

@ weights the position-space vertex

L[p,o];;w)\ (Xa Y)

@ shall be precomputed and stored

Nils Asmussen (KPH, JGU Mainz) HLbL Contribution to g —2 on the Lattice March 24, 2015

From [I].
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Notation: perturbation theory in Euclidean coordinate-space

Scalar propagators:

1 m
= — m =— K .
Go() = 15— Gn@) = g1 K (mla)
Fermion propagator:
d'p —ipuyu+m m? Ko (m]z|)
S(z) = n Yy ipr _ [ K }
(2?) /(271_)4 p2+m2 € 471_2“%,' TuZp |£C| + 1(m|x\) ’

Un(z) = Chebyshev polynomials of the second kind:
Uo(z) =1, Ui(z) = 2z, Un+1(2) = 22Un(2) — Up—1(2) (n>1),

Key property: orthogonal basis on Ss; if € is a unit vector

<Un(€ - &) U (- g)>€ = 7;51"‘1 Un(Z - 9).
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Explicit form of the QED kernel

A A
E[P7”]§#Vk(x7y) = Z gé[pa]uau,BATo(zﬁg(x7y)7
A=II1,111

with e.g.
1
Ghlpolporsr = gTr{ (75 [Vos Vo] +2(8507p — 56,:%))%%%%%},

I
705 (z,y)

11
T (2, y)

o5 (95" + 0 Vi(a, y),

" 1
mO& (Tas(,y) + 70555 (@)

z 1
T @y = m(y +08)(Tas(@,y) + J0asS(2.)),

S(z,y)

7O (lzl, 2 - 9, ly)),
Vs(z,y) = a58 (el &9, lyl) + 552 (), 2 - 9, |y,
2 2
xT - Y - x -y —(7
Tap(@y) = (zazp — —0ap) 1+ (Wayp — 7 0as) 1 + (ayp + vazs — —5bap) 1.

The QED kernel E[p,(,];um(w,y) is parametrized by six weight functions.
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Sketch of the derivation

- i

F5(0) = = o Te{lyp, ¥l (=i + m)Tpr (p, p) (=i + m)
m
Fpo‘(pvp) = 766/ K,u,u)\(ajlny»p) ﬁp;,u,u)\a(xl»zQ)v
T1,T2
Kua(@i,@2,0) = yu(ip+ 37 —m)y (ip+ 91 + 972 —m)yy (&, 21, 22),
1 1 1 )
Z(¢, x, = —i(qrtky)
&) ~/qk PR+ k)2 (p— )2 +m2(p—q— k)2 +m?
With p = imé. From [lll]. Diagrammatic representation of Z(¢, z, y):
T Yy 0
Go(z — w) Go(y — u) Go(v —0)
e—tprw -(—w - py — eip-v
p Gm(w — u) Gm(u — v) p
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The scalar function Z(¢, z,y)

Jey) = /Go e ;)z Un(é- ),
S(zy) = /u Gou — y)s(x, ), (IR regulated)
Viws) = [ Golu=yustau),
Tusta) = [ Golu=ptase.w)
where
s(z,u) = <J(é7u)Jex—u> Zzn P —u)Z)W%x/I_\“)
vs(z,u) = <55 J(é,u)](é,m—u)>€:..‘
tas(z,u) = <(€5é5 — iéﬁa)J(e, W) J(é,x — u)>é -

Imaw:L%w—w

J(é,u) J(€,x — u),
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Example: Form Factor g,

1 o0 X
=(2)(,2 . 2 - - d 2/ d
g (x%,xy,y) 87Ty2|x|sin3,8/0 uu A P1

2 2 L e
{2sinﬁ+<y +u —cos,Bcoscbl) Og}
n=0

2[ully| sin ¢y

Cn Cn+1
{aalluania(x — ul) [1x ol coson 2+ (ol cosn — ) =25
+ znsa(Jul)zn(lx — uf) | (Jul cos by — X))~ + |x — ul cos by L | 1
n+1 n+2
where
2 2
x-y =Ixllylcos B, |x—u] = \/IxP + |l — 2lxl[u] cos 61
2 2
Y2 + i — 2ully| cos(B — 4) 1y x] cos gy — |1
Log =1 , CG=C—m—
TR oyl cos(B+ ) ( U — x| )

z, =linear combination of products of two modified Bessel functions.

Nils Asmussen (KPH, JGU Mainz) HLbL Contribution to g —2 on the Lattice March 24, 2015

From [I]. Reminder: Vs(z,y) = x58'" (|z], 2 - g, ly|) + 558" (|2, 2 - g, y])-
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Complete

set of weight functions: |z| dependence
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39 (||, % - 9, |y|) contains an arbitrary additive constant (due to the IR
divergence in I(€,x,y)), which does not contribute to L, o};uux (%, ).




Tests: contribution of the 7¥ to a!ll'Pt

210710
1.5-10710
i
g
= 1-107%0
3
Qo
=]
RS
5.10"1
——mg, = 600 MeV
0 ——mgx = 900 MeV
0 1 2 3 4
y|mex
fm

From [lll]. Dashed line = result from momentum-space integration
(Knecht & Nyffeler PRD65, 073034 (2001)).

» Contribution is perhaps surprisingly long-range.
» The observation depends to some extent on the precise QED kernel used.
» The integrand can be roughly described by the form

(cilyl* + caly[*)e ™41,
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Long-distance behaviour of the QED kernel

S(x,y) = / Gm., (u—y)s(z,u), (send m~ — 0 later)
i.e. —AyS(z,y) = s(z,y). From here, now setting m~ = 0,
1
- _— (~1
1
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More explicitly: the 7° pole contribution

Assume a vector-meson-dominance transition form factor (parameters: mv,
m~ and overall normalization)

N c __ Nemy
R U R A M P o
2
_ c 9 0 6 .0
L, e , = 7{ vaB€o ( 7)[{7" ’
(2R PSRN (m y) m%/(m%, —m%) za Byg €puvapBCorpy ax7 + ayﬂ/ (JC y)

0 0
aB€vo 7K7r — 4y captyr 7Kﬂ' s T }
+€urape wayw (Y = ,Y) + €uoaptursy 1., (z,2 —y)
where

Kr(z,y) = /d4u(Gmﬂ (u) — Gmy, (u))va ( —u)Gmy (y —u) = Kx(y, x).
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The lepton loop (mass m): fully analytic result for iﬁp;lwm(a;,y)

iﬁp;#,,)\g(x,y) = H(,Mqu(x )
I o (v — 2, —2) + 2, IR (y — 2, —2)
+ﬁ£%lm<—w7y—w>+mpn&’;;1,<—x,y—x>.
Ny @)

(—za)(z — y)g Ko(m|z|)Ko(m|z — yl)
:2(;)8[ ad B 2 2 lys (W) - Tr{vaYypvg v Yy Yo YsIA}
-

o2 |e — y|2
Ki(mlz)) K1 (m|z — yl)
S Y p(wD) - Tr{vu o va
ez — yl
(—za)(z — 9)g Ko(mlz|) Ko (mle — y|)
N
12|z — y|2
(~za) Ko(mle)Ky(mle —y])

ey - Tr{vavuvgrwvova}

cay (¥) - Tr{vavu v Yy vora}
lz|2|e — yl

(z —y)g Ki(mlz))Kgo(m|z — y)

2 “ay (y) - Tr{vpvg v Yy Yo A}
lz|lz — y|

( o) Ka(m|z)Ky(m|z —yD)

a5(y) - Tr{vavpyrvovs YA}
lz|2|z — yl

(av*y)/s Ky(m|z|)Ko(m|z — y|)
lz|le — y|?
Ky (mlz)Kq(m|z — y])

“a5(y) - Tr{vpvgrwrovs I}

clys(v) - Tr{'mw%,“ra'v(s'u}}
|z]|z — yl
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The lepton loop (continued)

a®

p:“VAU(w,y)

m (—za)(@ — y)gKa(m|z|)Ka(m|z — y[)
:2(;)8[ So BT VpTa M/ PaMETY Fpsy (W) - Tr{dyavuvgYv vy Yo vs YA}

|z|2|e — y|2
Ki(ml|z)Ky(ml|z —yl)

sy () - Tr{dypywyyvovs I}
lzllz — yl

Ki(ml|z)Ky(ml|e —yl)

9p(¥) - Tr{vuvvvovr}
lz|lz — y|

n (—za)(@ — y)g Ka(m|e|)Ka(m|z — yl)

9p(¥) - Tr{vavuvgTvYoYr}
|z|2]z — y|2

(—za) Ko(m|z|)Ky(m|z — yl)

hpy (¥) - Tr{vaYuYvYvYorr}
|z|2|@ — yl

. (z —y)g Ky(m|z|)Ka(m|z — y|)

hp~y(y) - Tr{vuvg v vy Yo va }

|||z — y|2
(—2o) Ko(m|z) Ky (m|z —yl) .
+ s > Fps (W) - Tr{vavu v Yo vs YA}
[z]2]e — yl
(x —v)g Ki(ml|z[)Kg(m|z — y|) .
+ A > fpg(y)'Tr{wu“rgwaws“u}}
lz|lz — vl
2n? Ky (mlyl)

2
™
)s hoy @) = —5 (9y3p mlyl K1(mlul) = 5yp Ko(mly)),

lys (W) = —5 (9795 Ka(mly)) = 55

m mly|

2 2

N ™ 27
Fos ) = {8005 mlylK1(mly) + 6,5 Ko(mlyD} a4y (W) = — 9y K1(mlyl),

m m

2 2
T 27
Fpony (v) = m—s{gwwp mly|Ka(mlyl) + (6507 — Syphs — 5450p) K1(mlyD}, p(lyl) = —5 Kolmly).




Part B) Implementation on the lattice

The vector four-point function for a free fermion:

>

>

Wilson fermion action and local currents, j,.(z) = ¥ (). ().
1—

Improvement and renormalization: m = mgr = my %amq), Zy =1,
by =1, cy = 0. Discretization errors are O(a?).

Goal: compute I, 00 (2, Y, 2)/m* in the continuum, infinite-volume limit
from the lattice.

The fermion mass m sets the scale, tunable parameters are am and mL.

Choice: L* lattices, L/a = 32, 64, 80, 96, am = 0.017,...,0.050,
mL =1.6,...,4.8.

1
27(070,07d)7y7(0,07d7d)7x7(0707d70)7 d*%
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The vector four-point function on the lattice

Lm, =1.6

\\& L=

—6 F ]
7L
o H 12
-8t S = (Zywao Muvao) /M . 1
,9 L L L I I
0 0.0005 0.001 0.0015 0.002 0.0025 0.003

(am)?
> Muvao (2,9, 2) = Zy (1 + byamg)* (Ju(@)Ju(y)Ja(2)J2(0))
» Extrapolation used: S(a, L) = 5(0,00) + aa® + (B4 1) e >™F

> Lesson: L/a = 32 is insufficient to control both the infinite-volume and
continuum extrapolation.
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The integrated four-point function

0 0.2 0.4 0.6 0.8 1
(12

i ) (2,9) = [ 4% 21,0 (0 () 01T (2)

» Goal: compute —iﬂ[p;wm](a:,y)/m7 in the continuum and infinite-volume
limit. Here: a linear combination of the components is taken.

» z=(0,0,d,—d) and y = (0,0,d,d), d = 5.

1
m
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A variation on the strategy (in preparation)

E[p,o'];,uu)\(x7y) = Z T;Er;u/)\(xvy) }—B(|$|7CB7 |y|)

6 36
HLbL me 4 4
T D [
B=1 —— N——
—272|y[3d|y| =4r [J sin2(8) [§° d|z| |z|3

F2(Ial, ca yl) [T @) i@ y) |
N————r

QED QCD
T;o‘uu)\(m’y) = Juu(2pdor — Todpr),
‘rg(w’u)\(m,y) = Sua(zpdor —x00,0),

B n (@ Y) = xu(2plopn — To0pu),
An(@Y) = (OpuOop — ppdor)ax,
Torun(@y) = (pxbov — Opubar)Ty,
Torn (@ Y) = (Gpudor = paGou)Tu,
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Conclusion

» The covariant position-space method still looks like a promising approach.
We plan to make the QED kernel publicly available.

> Tests of the QED kernel: ©° pole, fermion loop.

> The 7° contribution is very long-range, but with the 7° contribution
calculated, we hope to be able to correct for the finite-size effects on this
contribution, by computing the transition form factor on the same
ensemble (Antoine's talk).

> A parallel activity: analysis of the eight forward light-by-light scattering
amplitudes, constraining the resonance transition form factors (with
V. Pascalutsa; talk by A. Gérardin at Lattice 2017).
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